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BUILDING BLOCKS OF CLOSED AND OPEN STRING AMPLITUDES
PIERRE VANHOVE AND FEDERICO ZERBINI
Abstract. In this text we review various relations between building blocks of closed and open
string amplitudes at tree-level and genus one. We explain that KLT relations between tree-level
closed and open string amplitudes follow from the holomorphic factorisation of conformal correlation
functions on conformal blocks. We give a simple hands-on evaluation of the α′-expansion of tree-
level closed string amplitudes displaying the special single-valued nature of the coefficients. We show
that the same techniques can be used also at genus-one, where we give a new proof of the single-
valued nature of the coefficients of 2-point closed string amplitudes. We conclude by giving an
overview of some open problems. (This article is a contribution to the proceedings of the workshop
“MathemAmplitudes 2019: Intersection Theory and Feynman Integrals” held in Padova, Italy on
18-20 December 2019.)
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Part 1. Introduction
We are still uncovering remarkable properties of string theory amplitudes. Perturbative string
theory is characterised by a series expansion with respect to the string coupling constant gs. At each
order in perturbation theory one can consider the expansion in the small inverse string tension α′
leading to quantum field theory scattering together with an infinite set of stringy quantum corrections.
This double expansion can reveal a lot of deep properties of the low-energy effective action of quantum
gravity on various background configurations.
It is remarkable that the ultra-violet divergences of maximal supergravity amplitudes in various
dimensions [1, 2] are in perfect agreement with the low-energy expansion of string theory amplitudes
up to genus three and are fully compatible with the non-perturbative U-duality symmetries of string
theory [3–13]. Recent works have shown a perfect match between this double expansion and the flat-
space limit of correlation functions in AdS5 × S
5, giving a remarkable confirmation of the AdS/CFT
correspondence [14–17].
There are five consistent supersymmetric string theories in ten dimensions composed of four closed
superstring theories–the type IIA, type IIB and the two heterotic strings–and the type I superstring
theory, which contains also open strings [18–20]. These string theories are unified by duality sym-
metries [21, 22] which are the landmark of the special mathematical and physical properties of string
theory. In this text we are interested in the perturbative expansions of closed and open string ampli-
tudes, and how they are related.
The type I superstring theory is an orientifold of the closed string type IIB theory obtained by
quotienting by the action of the world-sheet parity reversal Ω : (σ, τ) → (2π − σ, τ) (see [23] for a
general review of orientifolds). At each order in perturbation, the type I superstring amplitude involves
a sum of two-dimensional super-surfaces obtained from the action of the involution I(z), induced by
the orientifold action Ω. The type I superstring theory contains open and closed strings, possibly non-
oriented, which lead to anomaly cancellation [24,25] and Ramond-Ramond tadpole cancellation [23,26].
Closed (oriented) string amplitudes, which appear in the four closed superstring theories, are com-
puted by integrals over the moduli space of super-Riemann surfaces of genus h, the number of handles,
with n punctures and no boundaries. Each order in perturbation theory is weighted by the string
coupling constant gs ≪ 1 to the power of the Euler characteristic of the surface, in this case g
2h−2
s .
In type I superstring theory, involutions I(z) act on the (closed) super-Riemann surfaces to remove
b discs and add c cross-caps (obtained by gluing a real projective plane) to the surface. The loci of
fixed points of the involution are the boundaries of the world-sheet, which contain the open string
insertions. Each order in perturbation is weighted by the string coupling constant gs ≪ 1 to the power
of the Euler characteristic of the surface, in this case g2h+b+c−2s .
On a surface M obtained by applying an involution IM (z) to a closed (oriented) world-sheet, the
Green function is given in terms of the closed string Green function by the formula [27, 28]:
GM (z, z′) =
1
2
(
Gclosed(z, z′) +Gclosed(IM (z), z
′) +Gclosed(z, IM (z
′)) +Gclosed(IM (z), IM (z
′))
)
.
(0.1)
At tree-level, the Kawai, Lewellen and Tye (KLT) relations [29] give a construction of the closed
string integrals on the sphere with n punctures as a sum of products of pairs of open string ampli-
tudes with n marked points on the boundary of the disc. This relation has led to the fundamental
4 P. VANHOVE AND F. ZERBINI
perturbative duality between colour factors of gauge theory and kinematic factors in field theory and
string theory [30, 31].
Hints that similar relations may generalise at genus one come from the small α′ expansion of one-
loop open and closed string amplitudes [32–37]. Much less is known at higher-loop orders but one can
reasonably suspect that similar relations exist as being a consequence of the intrinsic relation between
closed and open string amplitudes.
With the aim of finding a higher-loop generalisation of the KLT relations in string theory, we
have shown in [38] that the relation between closed string tree-level amplitudes and open string
tree-level amplitudes is a particular application of the conformal block decomposition of correlation
functions in two-dimensional minimal model conformal field theory. This construction is generalizable
at higher genus [39, 40]. The chiral splitting of the closed string conformal blocks at fixed internal
momenta gives a realisation of the double-copy of open string integrands before integration over the
loop momentum (see [41] for a discussion at genus one). Therefore, this approach may lead to a
higher-loop generalisation of the KLT relations in string theory.
The conformal block approach, and its restriction to amplitudes given by the KLT relation, inverts
the involution construction for tree-level amplitudes, as illustrated on the following diagram:
KLT ≃ sv-projection
Conformal
blocks
Involution
Open StringsClosed Strings
This article is divided into three parts, and the introduction constitutes the first one. Part 2 is
about the building blocks of tree-level perturbative string amplitudes. We start by reviewing the
result [42–48] that all tree-level (bosonic or type I super-) string amplitudes on the disc (with both
open and closed string states) and on the real projective plane (where only closed string states appear)
are combinations of open string building blocks given by ordered integrals on the boundary of the
disc. In a similar way, tree-level closed (bosonic, type IIA or type IIB or heterotic) string amplitudes
are combinations of closed string building blocks. All tree-level (bosonic or super-) string amplitudes
are obtained from appropriate choices of the kinematic coefficients in the linear combinations of the
building blocks.
We then give the relation between the open string and closed string building blocks using the
conformal block decomposition approach of [38]. The open string building blocks are special values of
the (multi-valued) conformal blocks and the closed string building blocks are special values of (single-
valued) conformal correlation functions. The modern formulation of the KLT relations in terms of
twisted cohomology theory as twisted bilinear period relations [49, 50] should generalise and give in
this context a cohomological interpretation of the conformal block decomposition.
The cohomological viewpoint can be used to relate closed string amplitudes to the newborn theory
of single-valued periods [51, 52], providing a mathematical interpretation of the fact that open and
closed string amplitude building blocks are special values of multi-valued and single-valued functions,
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respectively. This explains why the α′-expansion of the closed string building blocks involves only a
very small subspace of multiple zeta values, given precisely by those called “single-valued” which come
from the theory of single-valued periods [38, 50, 53, 54]. Following [38], we illustrate this phenomenon
by giving a simple hands-on evaluation of the α′-expansion of closed string amplitudes based on the
“single-valued integration” of (single-valued) multiple polylogarithms developed in [38, 55, 56].
Part 3 is about the building blocks of one-loop perturbative string amplitudes. On the one hand,
we have closed (oriented) superstring amplitudes on the torus, arising from the four closed superstring
theories. They can be expanded on closed string building blocks as in the genus zero case. The low-
energy expansion of these building blocks gives rise to modular graph functions and forms [33,57–59],
which will be reviewed in section 4.1 and which are conjecturally related to the same single-valued
periods appearing at genus zero. In particular, in section 4.2 we present a new proof of a special case
of this conjecture, adapting to this setting the single-valued integration method already used at tree
level. Even though this is not a new result (two different proofs have already appeared in the recent
papers [36, 60]), our new approach may be of interest because it seems more likely to generalize.
On the other hand, we have type I superstring amplitudes given by applying involutions on the
torus. One finds superstring amplitudes on the annulus (with both open and closed string states),
on the Möbius strip (unoriented, with both open and closed string states) and on the Klein bottle
(unoriented, only closed string states appear). The low-energy expansion of amplitudes with open
string states on the boundaries of the annulus or the Möbius strip involves elliptic analogues of
multiple zeta values [61–63]. In this case, it was observed in [32] that open and closed string building
blocks seem to be related by a genus-one analogue of the single-valued projection from genus-zero.
This points towards the possibility of extending KLT relations to genus one. In section 5.1 we briefly
review the simplest instance of this relation, which was demonstrated in [36].
Finally, very little is known about the low-energy expansion of one-loop string amplitudes with
both open and closed string states. For instance, we do not know if it is possible to reduce them to
open string building blocks (annulus amplitudes with boundary insertions only), as in the tree-level
case. This is one of the open questions that we list in section 5.2, which concludes the paper.
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Part 2. Tree-level amplitudes
1. Building blocks of closed and open string amplitudes
1.1. Closed oriented tree-level amplitudes. Any tree-level N + 3-point closed oriented string
amplitude (N ≥ 1) can be written as a finite linear combination of partial amplitudes [18, 19, 64]
MN+3(s, ǫ) =
∑
r
cr(s, ǫ)MN+3(s,n
r, n˜r) . (1.1)
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The coefficients cr(s, ǫ) are rational functions of the kinematic variables s = (sij)1≤i<j≤N+3 := (−
1
2ki ·
kj)1≤i<j≤N+3 (where ki are external momenta, subject to momentum conservation k1+· · ·+kN+3 = 0
and on-shell condition α′k2i ∈ 4Z lower or equal to 4 with the metric convention (−,+, . . . ,+)), the
polarisation tensors ǫ = (ǫi)1≤i≤N+3 and the colour factors for the heterotic string amplitudes. These
kinematic coefficients determine the specifics of the closed string theory (bosonic string, superstring
or heterotic string) or of the external states (polarisation tensors and colour factors). The partial
amplitudes MN (s,n, n˜), defined for integers n = (nij)1≤i<j≤N+3, n˜ = (n˜ij)1≤i<j≤N+3 and implicitly
depending also on the inverse string tension α′, are integrals on N copies of the Riemann sphere P1
C
of the form
MN+3(s,n, n˜) =
=
ˆ
(P1
C
)N
N∏
i=1
d2wi
∏
1≤i<j≤N+2
e2α
′sijG
P1
C (wi,wj)(∂wjG
P 1
C (wi, wj))
−2nij (∂w¯jG
P 1
C (wi, wj))
−2n˜ij , (1.2)
where wN+1 := 0, wN+2 := 1 and d
2wi :=
idwidw¯i
2pi . The Green function on the Riemann sphere is
GP
1
C (z, z′) := −
1
2
log |z − z′|2 , (1.3)
so that the partial amplitudes reads
MN+3(s,n, n˜) =
ˆ
(P1
C
)N
N∏
i=1
d2wi
∏
1≤i<j≤N+2
|wi − wj |
−2α′sij (wi − wj)
nij (w¯i − w¯j)
n˜ij . (1.4)
For instance, the Virasoro-Shapiro amplitude is a particular case with N = 1 and vanishing inte-
gers nij , n˜ij :
M4(s,0,0) =
ˆ
P1
C
|w|−2α
′s12 |1− w|−2α
′s13 d2w =
Γ(−α′s12 + 1)Γ(−α
′s13 + 1)Γ(−α
′s23 − 1)
Γ(α′s12)Γ(α′s13)Γ(α′s23 + 2)
. (1.5)
1.2. Open and unoriented tree-level amplitudes. At tree level, open oriented (super)string am-
plitudes are defined over the disc and closed unoriented (super)string amplitudes are defined over the
real projective plane.
(a)
P
P ′
(b)
P
P ′
(c)
Figure 1.1. (a) The Riemann sphere, (b) the disc and (c) the real projective plane.
The disc and the real projective plane are obtained from the action of an involution
identifying the points P and P ′ on the Riemann sphere.
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1.2.1. The disc amplitudes. The disc D2 is obtained by the action of the involution I
D2(z) = z¯ on the
Riemann sphere: D2 ∼= P
1
C
/ID2 (see figure 1.1(b)). The bosonic string propagator on the disc D2 is
obtained from the method of images by applying equation (0.1), and reads
GD2(z, z′) = −
1
2
(log |z − z′|2 + log |z¯ − z′|2). (1.6)
On the boundary of the disc where z = x ∈ R and z′ = y ∈ R we have
GD2(x, y) = −2 log |x− y| . (1.7)
One can have all vertex operators inserted on the boundary of the disc. For instance, using the Green
function above, identifying the boundary of the disc with R and fixing by conformal invariance three
tachyon states at 0, 1,∞, one obtains the celebrated Veneziano amplitude
ˆ 1
0
x−4α
′s12(1 − x)−4α
′s13dx =
Γ(−4α′s12 + 1)Γ(−4α
′s13 + 1)
Γ(2− 4α′s12 − 4α′s13)
. (1.8)
More generally, four-point amplitudes of (open) bosonic strings involving both tachyons and massless
states on the boundary of the disc differ from eq. (1.8) by a proportionality factor which is a rational
function in the kinematic variables α′s12, α
′s13.
One can also consider mixed amplitudes with insertion of No open string external states on the
boundary of the disc and Nc closed string external states in the bulk of the disc. Such amplitudes
were shown to be reducible to linear combinations of disc amplitudes with No+2Nc open string states
on the boundary of the disc [42–44,46].
As an illustration we present the case of the insertion of two states of momenta k1 and k2 at
the respective position z1 and z2 in the bulk of the disc. The method of image on the covering plane
doubles the insertions into two insertions at the positions z1 and z¯1 and two insertions at the positions
z2 and z¯2. By conformal invariance we fix z1 = 0 and z2 = ix with x ∈ [0, 1]. The integration over
z1 and z2 is reduced to a single integration over x ∈ [0, 1]. Using the Green function in (1.6) the
two-point amplitude is then given by an integral of the type
ˆ 1
0
(x2)−4α
′s12−1(1 − x2)−2α
′s13dx2 = −2α′s13
Γ(−2α′s12)Γ(−2α
′s13)
Γ(1− 2α′s12 − 2α′s13)
, (1.9)
where s12 = −
1
2k1 ·k2 and s13 = −
1
2k1 ·D ·k1 and where ki is the momentum of the external state and
D · ki is the momentum of its image. Using the functional equation Γ(x + 1) = xΓ(x), we recognise
that this amplitude only differs from the Veneziano amplitude in (1.8) just by a proportionality factor
which is a rational function of the kinematic invariants (up to scaling the variables).
1.2.2. The real projective plane amplitudes. The action of the involution IP2
R
(z) = −1/z¯ on the Rie-
mann sphere gives the real projective plane P2
R
∼= P1C/IP2
R
(see figure 1.1(c)). The bosonic string
propagator on the real projective plane P2
R
is obtained from the method of images by applying equa-
tion (0.1), and reads
GP
2
R(z, z′) = −
1
2
(
log |z − z′|2 + log |1 + z′z¯|2 − log |zz′|2
)
. (1.10)
The real projective plane does not have boundaries, so the amplitudes only involve closed string
states. The amplitudes with Nc closed string state insertions are, as in the previous section, reducible
to linear combinations of disc amplitudes with 2Nc open string states inserted on the boundary of
the disc [45, 47, 48]. For instance, for the case of an amplitude with the insertion of two closed string
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states, the method of images on the covering plane doubles the insertions into two insertions at the
positions z1 and z¯1 and two insertions at the positions z2 and z¯2. By conformal invariance we fix
z1 = 0 and z2 = ix with x ∈ [0, 1]. The integration over z1 and z2 is reduced to a single integration
over x ∈ [0, 1]. Using the Green function in (1.10) the two-point function is then given by an integral
of the type
ˆ 1
0
(
(x2)−4α
′s12−1 + (x2)−4α
′s12−4α
′s13−1
)
(1−x2)−2α
′s13dx2 = −2α′s13
Γ(−2α′s12)Γ(2α
′s13 + 2α
′s13)
Γ(1 + 2α′s13)
(1.11)
where s12 = −
1
2k1 · k2 and s13 = −
1
2k1 ·D · k1 This amplitude differs from the Veneziano amplitude
in (1.8) only by a proportionality factor which is a rational function of the kinematic invariants (up
to scaling the variables).
We see on these examples that the main properties of the amplitude are not dictated by the local
structure of the Green functions on the world-sheet, but by the boundary conditions on the integration
space imposed by the action of the involution used to construct the open string geometry.
To summarize, all amplitudes on the disc or the real projective plane are reducible to open string
amplitudes on the boundary of a disc
AN+3(s, ǫ) =
∑
r,ρ
dr,ρ(s, ǫ)AN+3(s,n
r, ρ) (1.12)
expanded on a basis of ordered integrals AN+3(s,n
r, ρ) along the real line, indexed by permutations
ρ ∈ SN , which we refer to as tree-level open string building blocks and we fix to be
AN+3(s,n, ρ) =
ˆ
xρ(N)≤···≤xρ(1)≤0
∏
1≤m<n≤N
(xρ(n) − xρ(m))
−4α′sρ(n)ρ(m)+nρ(n)ρ(m)
×
N∏
m=1
(−xρ(m))
−4α′sN+1ρ(m)+nN+1ρ(m)(1− xρ(m))
−4α′sN+2ρ(m)+nN+2ρ(m)
N∏
i=1
dxi . (1.13)
Understanding the properties of any tree-level amplitudes in string theory is reduced to understand
the building blocks (1.4) and (1.13) and their relations. This is the topic of the next two sections.
2. Closed string amplitudes from single-valued correlation functions
In this section we review the result of [38] that the KLT relation between the closed string building
blocks in (1.4) and the open string building blocks in (1.12) is a special case of the conformal block
decomposition of string theory correlation functions.
We introduce, for η ∈ C and N ∈ N, the functions
GN
(
a b c d
a˜ b˜ c˜ d˜
∣∣∣∣∣η
)
:=
ˆ
(P1
C
)N
N∏
i=1
zaii (1 − zi)
bi(η − zi)
ci
N∏
i=1
z¯a˜ii (1 − z¯i)
b˜i(η¯ − z¯i)
c˜i
∏
1≤i<j≤N
(zi − zj)
dij (z¯i − z¯j)
d˜ij
N∏
i=1
d2zi ,
(2.1)
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where the tuples of exponents a,b, c,d, a˜, b˜, c˜, d˜ are formed by complex numbers which satisfy
ai − a˜i, bi − b˜i, ci − c˜i, ∈ Z 1 ≤ i ≤ N,
dij − d˜ij ∈ Z 1 ≤ i < j ≤ N .
(2.2)
These conditions imply that the integrand of (2.1) is single-valued and therefore that the integral over
Cn makes sense and defines a single-valued function of η ∈ C \ {0, 1} for those exponents such that
the integral converges absolutely.
The partial amplitudes (1.4) are the values at η = 1 of the functions (2.1) when the exponents
satisfy the relations
ai := −α
′si N+1 + ni N+1, bi + ci := −α
′si N+2 + ni N+2, 1 ≤ i ≤ N,
a˜i := −α
′si N+1 + n˜i N+1, b˜i + c˜i := −α
′si N+2 + n˜i N+2, 1 ≤ i ≤ N,
dij := −α
′sij + nij , d˜ij = −α
′sij + n˜ij , 1 ≤ i < j ≤ N.
(2.3)
Following the standard rules for the correlation functions of conformal field theory minimal mod-
els [39] and string theory in [18,19,64,65], one can express the function GN as a conformal correlation
function:
GN
(
a b c d
a˜ b˜ c˜ d˜
∣∣∣∣∣η
)
=
ˆ
(P1
C
)N
N∏
i=1
d2zi
〈
V0(0)
N∏
i=1
Vi(zi)VN+1(1)VN+2(∞)U(η)
〉
, (2.4)
with U(η) = : exp(ik∗ · X(η)) : an auxiliary vertex operator. The fact that GN is single-valued is
coherent with the axioms of conformal field theory, because it guarantees the locality of the theory.
2.1. Holomorphic factorisation. It was shown in [38] that the correlation function (2.1) has the
holomorphic factorisation
GN
(
a b c d
a˜ b˜ c˜ d˜
∣∣∣∣∣η
)
=
1
πN
~JN (a˜, b˜, c˜; d˜; η¯)
T GˆN (a,b, c;d) ~JN (a,b, c;d; η) , (2.5)
with
(i) The vector ~JN (a,b, c;d; η) := {J(σ,ρ)(a,b, c;d; η), (ρ, σ) ∈ Sr × Ss, r + s = N} of Aomoto-
Gel’fand hypergeometric functions [66–68], i.e. the iterated integrals
J(ρ,σ)(a,b, c;d; η) =
ˆ
∆˜(ρ,σ)(η)
r∏
m=1
s∏
n=1
(zσ(n) − zρ(m))
dρ(m)σ(n)
∏
1≤m<n≤r
(zρ(m) − zρ(n))
dρ(m)ρ(n)
×
∏
1≤m<n≤s
(zσ(m) − zσ(n))
dσ(m)σ(n)
r∏
m=1
(−zρ(m))
aρ(m)(1− zρ(m))
bρ(m)(η − zρ(m))
cρ(m)
×
s∏
n=1
(zσ(n))
aσ(n)(1− zσ(n))
bσ(n)(zσ(n) − η)
cσ(n)
N∏
i=1
dzi , (2.6)
integrated over the domain
∆˜(ρ,σ)(η) := {zρ(r) ≤ · · · ≤ zρ(1) ≤ 0 ≤ η ≤ zσ(s) ≤ · · · ≤ zσ(1) ≤ 1} . (2.7)
with (ρ, σ) ∈ Sr ×Ss and (ρ, σ) ∈ Sr ×Sk the set of permutation of k-elements.
(ii) GˆN (a,b, c;d) is an invertible square matrix of size (N+1)!, independent of η, whose entries are
rational linear combinations of exponentials of Q(πi)-linear combinations of the parameters
ai, bi, ci and dij .
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The relation (2.5) is the usual holomorphic factorisation of tree-level conformal correlation function
on conformal blocks. The conformal blocks are the mutivalued integrals (2.6).
2.1.1. The N = 1 case. We illustrate how the factorisation works in the N = 1 case corresponding to
the four-point amplitude. We want to perform the holomorphic factorisation of the integral
G1
(
a b c
a˜ b˜ c˜
∣∣∣∣∣η
)
=
ˆ
P1
C
zaz¯a˜(z − 1)b(z¯ − 1)b˜(z − η)c(z¯ − η¯)c˜d2z , (2.8)
with the integer spin conditions
a− a˜ ∈ Z, b− b˜ ∈ Z, c− c˜ ∈ Z . (2.9)
Following the notation of (2.6) we have
~J1(a, b, c; η) =
(
J(Id,∅)(a, b, c; η)
J(∅,Id)(a, b, c; η)
)
=


ˆ 0
−∞
(−z)a(1− z)b(η − z)cdz
ˆ 1
η
za(1− z)b(z − η)cdz

 . (2.10)
The conformal block decomposition gives
G1
(
a b c
a˜ b˜ c˜
∣∣∣∣∣η
)
=
1
π
~J1(a˜, b˜, c˜; η¯)
T Gˆ1(a, b, c) ~J1(a, b, c; η), (2.11)
with
Gˆ1(a, b, c) =
−1
sin(π(b + c))
(
sin(π(a + b+ c)) sin(πa) 0
0 sin(πb) sin(πc)
)
. (2.12)
2.2. Closed string amplitudes. Setting η = 1 in the holomorphic factorisation leads to a fairly
simple expression, because at η = 1 only the first N ! rows ~N of the vector of Aomoto-Gel’fand
hypergeometric functions ~JN in (2.6) are non-vanishing:
1
~JN (a,b, c;d; 1) =
(
~N (a,b, c;d)
0
)
, (2.13)
where
~(ρ,σ)(a,b, c;d) =
ˆ
δ˜(ρ,σ)
∏
1≤m<n≤N
(zρ(m)−zρ(n))
dρ(m)ρ(n)
N∏
m=1
(−zρ(m))
aρ(m)(1−zρ(m))
bρ(m)+cρ(m)
N∏
i=1
dzi ,
(2.14)
integrated over the domain
δ˜(ρ,σ) := {zρ(N) ≤ · · · ≤ zρ(1) ≤ 0} . (2.15)
These integrals can be identified with the open string building blocks AρN+3(s,n) of (1.13).
Using the parameter identification (2.3) and the holomorphic factorization, we find
MN+3(s,n, n˜) = GN
(
a b c d
a˜ b˜ c˜ d˜
∣∣∣∣∣1
)
=
1
πN
~N (a˜, b˜, c˜;d)
T Gˆ
(1)
N (a,b, c;d)~N (a,b, c;d), (2.16)
where Gˆ
(1)
N (a,b, c;d) is the upper-left N ×N block matrix contained in GˆN (a,b, c;d).
This approach leads to an expression of the closed string building blocks in terms of the size N !
vector ~N (a,b, c;d) of open string building blocks and the matrix Gˆ
(1)
N , which is a non-local version of
1The lower N ×N ! components vanish whenever the integral is absolutely convergent. This leads to (2.13) by analytic
continuation on the parameters b, c and d.
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the KLT relations given in [49,69]. One finds back the usual KLT relations [29] using the monodromy
relations [46, 70] between open string ordered integrals.
Although the end result for the closed string building block only depends on Gˆ
(1)
N , it is necessary
to have the full matrix GˆN to get rid of the monodromies when η varies.
2.2.1. The four-point case. We illustrate the previous results on the N = 1 case corresponding to the
four-point amplitude
M4(s,n, n˜) =
ˆ
P1
C
|z|−2α
′s12zn12 z¯n˜12 |1− z|−2α
′s13 (1− z)n13(1− z¯)n˜13 d2z . (2.17)
We can write
M4(s,n, n˜) = G1
(
a b c
a˜ b˜ c˜
∣∣∣∣∣1
)
, (2.18)
with the identification of the parameters a = −α′s12 + n12, a˜ = −α
′s12 + n˜12, b + c = −α
′s13 + n13
and b˜ + c˜ = −α′s13 + n˜13. The second component of ~J1(a, b, c; η) in (2.10) vanishes as η → 1 in the
convergence region, and therefore everywhere by analytic continuation.
With such identifications, j1(a, b, c) is nothing but the integral
A(1234;s,n) :=
ˆ 0
−∞
(−z)−α
′s12+n12(1− z)−α
′s13+n13 dz , (2.19)
where (1234) refers to the permutation of the points z, 0, 1,+∞ on the real line which gives the ordered
integral (2.19). The holomorphic decomposition in (2.11) evaluated at η = 1 then gives (using the
momentum conservation condition s12 + s13 + s23 = 0)
M4(s,n, n˜) = −
1
π
sin(α′πs12) sin(α
′πs23)
sin(α′πs13)
A(1234;s,n)A(1234;s, n˜) . (2.20)
The KLT relation with the inverse momentum kernel arises from this formalism. The ordered integral
A(1234;s,n) is just one of the possible four-point open string ordered integrals, but by standard
monodromy relations [46, 70] any other four-point ordered integral must be related to A(1234;s,n).
For instance, if we consider the permutation (2134) corresponding to the integral
A(2134;s,n) :=
ˆ 1
0
z−α
′s12+n12(1 − z)−α
′s13+n13 dz , (2.21)
we have the monodromy relation
sin(α′πs23)A(1234;s,n) = sin(α
′πs13)A(2134;s,n). (2.22)
Plugging this relation in (2.20) we recover2 the KLT expression for the closed string four-point am-
plitudes given in [29, eq. (3.11)]:
M4(s,n, n˜) = −
1
π
sin(α′πs12)A(1234;s,n)A(2134;s, n˜)
= −
1
π
sin(α′πs12)A(2134;s,n)A(1234;s, n˜) . (2.23)
This illustrates how the momentum kernel SN from [71] arises as the product of the holomorphic
factorisation matrix Gˆ
(1)
N times the change of basis matrix between the ordered open string integrals:
S1(α
′s12) = − sin(α
′πs12) = −
sin(α′πs12) sin(α
′πs23)
sin(α′πs13)
×
sin(α′πs13)
sin(α′πs23)
. (2.24)
2The sign difference is given by a different notation for the Mandelstam variables.
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The Γ-function representation of the (beta-) integrals defining A(1234;s,n) and A(2134;s,n) is
A(1234;s, n˜) =
Γ(1− α′s12 + n˜12)Γ(−1− α
′s23 − n˜12 − n˜13)
Γ(α′s13 − n˜13)
A(2134;s,n) =
Γ(1− α′s12 + n12)Γ(1 − α
′s13 + n13)
Γ(2 + α′s23 + n12 + n13)
. (2.25)
Using the momentum conservation condition s12 + s13 + s23 = 0 and Euler’s reflection formula
Γ(x)Γ(1 − x) = pisin(pix) , the four-point partial amplitude reads
M4(s,n, n˜) = −(−1)
n˜13 Γ(1− α
′s12 + n12)
Γ(α′s12 − n˜12)
Γ(1− α′s13 + n13)
Γ(α′s13 − n˜13)
Γ(−1− α′s23 − n˜12 − n˜13)
Γ(2 + α′s23 + n12 + n13)
. (2.26)
Using repeatedly that Γ(1 + x) = xΓ(x), one can find a rational function Q(α′s12, α
′s13, α
′s23) with
integer coefficients (depending on the integer parameters n12, n13, n˜12, n˜13) such that
M4(s,n, n˜) = Q(α
′s12, α
′s13, α
′s23)
Γ(1− α′s12)
Γ(1 + α′s12)
Γ(1− α′s13)
Γ(1 + α′s13)
Γ(1 − α′s23)
Γ(1 + α′s23)
. (2.27)
Euler’s formula
Γ(1 + x) = e−γx exp

∑
m≥2
ζ(m)
m
(−x)m

 , (2.28)
where γ is the Euler-Mascheroni constant, implies that
Γ(1 + x)
Γ(1− x)
= e−2γx exp
(
−2
∞∑
m=1
ζ(2m+ 1)
2m+ 1
x2m+1
)
. (2.29)
Therefore, by momentum conservation, the four-point partial amplitude takes the form
M4(s,n, n˜) = Q(α
′s12, α
′s13, α
′s23) exp
(
2
∞∑
m=1
ζ(2m+ 1)
2m+ 1
(
(α′s12)
2m+1 + (α′s13)
2m+1 + (α′s23)
2m+1
))
.
(2.30)
The argument of the exponential factor only involves odd Riemann zeta values. As we will see in the
next section, the fact that even zeta values do not appear is part of a more general pattern which
seems to constitute a fundamental feature of closed string theories.
3. Small α′ expansion of tree-level building blocks
The disc amplitude building blocks with N + 3 external states on the boundary (1.12) can be
reduced (rescaling α′ by a factor of 4) to the finite set of integrals [54]
Z(N)ρ,σ (α
′s) :=
ˆ
0≤xσ(1)≤···≤xσ(N)≤1
∏
1≤i<j≤N+2 |xi − xj |
−α′sij
xρ(1)(1− xρ(N))
∏N
i=2(xρ(i) − xρ(i−1))
N∏
i=1
dxi , (3.1)
with ρ, σ ∈ SN permutations of N letters, xN+1 := 0, xN+2 := 1. Similarly, the closed string
amplitude building blocks in (1.4) can be expanded on the finite set of integrals [53, 72, 73]
J (N)ρ,σ (α
′s) :=
ˆ
(P1
C
)N
∏
1≤i<j≤N+2 |zi − zj|
−2α′sij
zρ(1)zσ(1)(1− zρ(N))(1 − zσ(N))
∏N
i=2(zρ(i) − zρ(i−1))(zσ(i) − zσ(i−1))
N∏
i=1
d2zi,
(3.2)
where d2zi := idzdz/2π, zN+1 := 0, zN+2 := 1.
It was shown in [73] that Z
(N)
ρ,σ (α′s) have a Laurent series expansion as α′ tends to zero, with
coefficients belonging to the ring Z of rational linear combination of multiple zeta values, the real
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numbers defined for k1, . . . , kr ∈ N, kr ≥ 2, by the absolutely convergent series
ζ(k1, . . . , kr) :=
∑
0<n1<···<nr
1
nk11 · · ·n
kr
r
. (3.3)
The functions J
(N)
ρ,σ (α′sij) also have a Laurent series expansion as α
′ tends to zero, and extensive
computations led to conjecture in [74] that the coefficients belong to a subring Zsv of multiple zeta
values, called the ring of single-valued multiple zeta values, which we will introduce in section 3.1 below.
This conjecture was recently proven, independently and in three different ways, in the papers [50,54]
and in our paper [38].
The methods of [50,54] lead to proving a stronger statement, which relates J
(N)
ρ,σ (α′sij) to Z
(N)
ρ,σ (α′sij)
via the single-valued projection, a surjective map from the (motivic) ring of multiple zeta values to
the (motivic) ring of single-valued multiple zeta values. Both of these proofs can be used to explicitly
compute the α′-expansion of J
(N)
ρ,σ (α′sij) provided that we know the α
′-expansion of Z
(N)
ρ,σ (α′sij).
Our proof, instead, does not involve open string integrals, and can be used to algorithmically
compute the coefficients of J
(N)
ρ,σ (α′sij) directly from their definition. In section 3.2 we give a detailed
explanation of our approach in the simplest case where N = 1. An advantage of our method is that it
allows to compute a broad class of multiple complex integrals in terms of single-valued multiple zeta
values. For instance, we will see in section 4.2 that one can use the same techniques to prove that
certain asymptotic limits of genus-one closed string amplitudes involve single-valued multiple zeta
values.
3.1. Single-valued multiple zeta values. We consider the alphabet X = {x0, x1} formed by two
formal non-commutative letters x0 and x1, and we denote by X
∗ the set of all possible words w =
xi1 · · ·xin in this alphabet. We fix a simply connected complex domain U obtained by removing
from C two non-intersecting half-lines (the branch cuts) connecting ∞ with 0 and 1, respectively.
To every word w ∈ X∗ we associate a multiple polylogarithm (in one variable) Lw(z), the holo-
morphic function of z ∈ U defined recursively by setting Lxr0(z) := (log(z))
r/r! (the principal branch
on U) for a string xr0 of r consecutives x0’s and by setting for any other word w = xi1 · · ·xin ∈ X
∗
Lw(z) :=
ˆ
[0,z]
dz′
z′ − i1
Lxi2 ···xin (z
′), (3.4)
where [0, z] is any path in U . These functions are well-defined, because they are invariant under
deformations of the path inside the same homotopy class, and thus depend only on the endpoint z,
because the fundamental group of U is trivial. They can be extended to multi-valued functions on
C \ {0, 1}, whose values depend on z and on the homotopy class of the path [0, z] inside C \ {0, 1}.
For all w there exist an integer K0 ≥ 0 and holomorphic functions f0, . . . , fK0 vanishing at 0 such
that, if z ∈ U is close enough to 0, then
Lw(z) =
K0∑
k=0
(
log(z)
)k
k!
fk(z). (3.5)
Moreover, for all w there exist an integer K1 ≥ 0 and holomorphic functions g0, . . . , gK1 whose values
at 1 belong to the ring Z of multiple zeta values defined by (3.3) such that, if z ∈ U is close enough
to 1, then
Lw(z) =
K1∑
k=0
(
log(1− z)
)k
k!
gk(z). (3.6)
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We define the regularised special values Lw(1) := g0(1) ∈ Z (which coincide with the limit at z = 1 if
the word w starts with x0). In particular, ζ(k1, . . . , kr) = (−1)
rL
xkr−10 x1···x
k1−1
0 x1
(1).
The monodromies of multiple polylogarithms along paths in C \ {0, 1} crossing the branch cuts are
best described in terms of the generating series
L{x0,x1}(z) :=
∑
w∈X∗
Lw(z) · w. (3.7)
This is, up to constants, the unique holomorphic C〈〈X〉〉-valued solution in U of the Knizhnik-
Zamolodchikov (KZ) equation
∂
∂z
F (z) =
(
x0
z
+
x1
z − 1
)
F (z) (3.8)
such that F (z) = exp(x0 log(z)) f(z) as z → 0, with f holomorphic C〈〈X〉〉-valued such that f(0) = 1.
The regularised special value Z{x0,x1} := L{x0,x1}(1), i.e. the generating series of (regularised) multiple
zeta values, is known as the Drinfel’d associator. With this notation, the action of the monodromy
operators M0 and M1 (defined by analytic continuation along loops winding once counterclockwise
around 0 and 1, respectively) is given by
M0L{x0,x1}(z) = L{x0,x1}(z) e
2piix0 , M1 L{x0,x1}(z) = L{x0,x1}(z)Z
−1
{x0,x1}
e2piix1 Z{x0,x1}. (3.9)
Looking at the monodromy around z = 0, a first naive way to define single-valued analogues of
multiple polylogarithms is to take the complex conjugate series L{x0,x1}(z), whose monodromy at 0
is opposite to that of L{x0,x1}(z), and consider the product L{x0,x1}(z)L{x0,x1}(z). This new function
is now single-valued around z = 0, but still multi-valued around z = 1. It turns out [75] that one can
“deform” the letter x1 to a new letter y(x0, x1) = x1 + . . . ∈ Z〈〈X〉〉 so that the new function
L{x0,x1}(z) := L{x0,x1}(z)L{x0,y(x0,x1)}(z) (3.10)
is single-valued (but no-longer holomorphic) on the punctured complex plane C \ {0, 1}. It can be
seen as a generating function
L{x0,x1}(z) =:
∑
w∈X∗
Lw(z) · w (3.11)
of single-valued smooth functions Lw(z), which are called single-valued multiple polylogarithms, whose
simplest examples Lxr0(z) = (log |z|
2)r/r! are indeed “single-valued versions” of the corresponding
multiple polylogarithms Lxr0(z) = (log(z))
r/r!. Remarkably, also the function L{x0,x1}(z) is a solution
to the KZ equation, and the map Lw(z)→ Lw(z) respects shuffle product identities.
Single-valued multiple zeta values are defined as the (regularised) special values Lw(1) obtained
by setting z = 1 in the equation (3.10). Because y(x0, x1) ∈ Z〈〈X〉〉, they also belong to Z, but in
fact they form a (conjecturally) much smaller subring Zsv. Assuming standard conjectures, the map
Lw(z)→ Lw(z) specializes at z = 1 to a surjective map of rings Z → Z
sv, which we call the “single-
valued projection”. It therefore seems natural to define ζsv(k1, . . . , kr) := (−1)
rL
xkr−10 x1···x
k1−1
0 x1
(1),
and one finds for instance ζsv(2k) = 0 and ζsv(2k + 1) = 2 ζ(2k + 1).
3.2. The α′-expansion of the four-point amplitude from single-valued integration. We il-
lustrate the approach of [38] to prove that the coefficients of tree-level closed string building blocks
are single-valued multiple zeta values in the case of the four-point integral
V (s, t) :=
ˆ
P1
C
|z|2s−2|1− z|2t−2d2z. (3.12)
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This function coincides with the Virasoro-Shapiro amplitude (1.5) upon setting s := −α′s12 + 1 and
t := −α′s13 + 1 and coincides with J
(1)
Id,Id from eq. (3.2) upon setting s := −α
′s12 and t := −α
′s13.
The integral defining V (s, t) is absolutely convergent for s, t ∈ C such that Re(s) > 0, Re(t) > 0 and
Re(s+ t) < 1.
The integrand is entire in s and t as soon as z belongs to the domain Dε obtained from P
1
C
by
cutting out small discs of radius ε around z = 0, 1,∞, where it can therefore be expanded as a power
series at (s, t) = (0, 0). Hence we can write
V (s, t) = lim
ε→0
ˆ
Dε
∑
p,q≥0
sptq
Lxp0 (z)Lx
q
1
(z)
|z|2|1− z|2
d2z, (3.13)
where we recall that Lxp0 (z) = (log |z|
2)p/p! and Lxq1(z) = (log |1 − z|
2)q/q!. Exchanging integration
with summation and rearraging the summation3, one finds
V (s, t) = lim
ε→0
( ∑
p,q≥1
sptq
ˆ
Dε
Lxp0 (z)Lx
q
1
(z)
|z|2|1− z|2
d2z +
∑
p,q≥0
p·q=0
sptq
ˆ
Dε
Lxp0 (z)Lx
q
1
(z)
|z|2|1− z|2
d2z
)
. (3.14)
We focus now on the first term. Because the map Lw(z)→ Lw(z) respects shuffle product identities
and the KZ equation, we get
Lxp0 (z)Lx
q
1
(z)
|z|2|1− z|2
=
∂
∂z
( ∑
w=xp0x
q
1
Lx0w(z)− Lx1w(z)
z(1− z)
)
. (3.15)
Using this fact, the Stokes theorem and the known asymptotic behaviour of multiple polylogarithms
at 0, 1,∞, and denoting by Bz(ε) a disc centered at z of radius ε, one finds that for any p, q ≥ 1ˆ
Dε
Lxp0 (z)Lx
q
1
(z)
|z|2|1− z|2
d2z = −
1
2πi
∑
z=0,1,∞
( ˆ
∂Bz(ε)
dz
z(1− z)
∑
w=xp0x
q
1
(
Lx0w(z)− Lx1w(z)
))
=
∑
w=xp0x
q
1
(
Lx0w(1)− Lx1w(1)
)
+ O(ε). (3.16)
This method to compute integrals of single-valued multiple polylogarithms is sometimes referred to
as single-valued integration and was introduced by Schnetz in [55] (see also [56] for an application to
multi-Regge kinematics). By a more careful analysis of the dependence on ε one concludes that
∑
p,q≥1
sptq
ˆ
Dε
Lxp0 (z)Lx
q
1
(z)
|z|2|1− z|2
d2z =
∑
p,q≥1
( ∑
w=xp0x
q
1
Lx0w(1)− Lx1w(1)
)
sptq + O(ε). (3.17)
The second term of (3.14) is treated similarly. We need to separate the contributions given by the
Stokes theorem applied on the boundaries of the three discs B0(ε), B1(ε), B∞(ε). It turns out
3
that
the contribution from B0(ε) is
−
∑
p≥0
(
(log ε2)p+1
(p+ 1)!
)
sp + O(ε) =
1
s
(1− ε2s) + O(ε), (3.18)
the contribution from B∞(ε) is O(ε) and the contribution from B1(ε) is∑
q≥1
Lx0xq1(1) t
q −
∑
q≥0
(
(log ε2)q+1
(q + 1)!
)
tq −
∑
p≥1
Lx1xp0 (1) s
p +O(ε) (3.19)
3We refer to [38] for a justification of these steps and details.
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=
∑
q≥1
Lx0xq1(1) t
q +
1
t
(1− ε2t)−
∑
p≥1
Lx1xp0 (1) s
p +O(ε).
Taking the limit ε→ 0 and noting that Lx0xn1 (1) = −Lx1xn0 (1) = ζ
sv(n+ 1) for n ≥ 1, we obtain
V (s, t) =
s+ t
st
+ 2
∑
n≥1
ζ(2n+ 1)(s2n + t2n) +
∑
p,q≥1
( ∑
w=xp0x
q
1
Lx0w(1)− Lx1w(1)
)
sptq. (3.20)
We deduce that V (s, t) can be analytically continued to define a meromorphic function in a neighbor-
hood of (s, t) = (0, 0), and the coefficients of its Laurent series expansion at that point belong to the
ring Zsv of single-valued multiple zeta values.
Of course, this result was already clear from eq. (2.30), which implies the stronger fact that the
coefficients of V (s, t) are polynomials in odd zeta values. The advantage of the computation above
is that it can be generalized to higher-point amplitudes. To do this, the idea is to apply the single-
valued integration recursively, but it is necessary to overcome two difficulties. The first is that the
singularity divisors coming from the integrand are not normal crossing, and this can be solved with
standard geometric or analytic methods [38, 50]. The second is that it is necessary to work with a
more general set of functions called single-valued hyperlogarithms, defined by Brown in [76], which
are analogues of single-valued multiple polylogarithms arising from more general alphabets X , whose
letters correspond to punctures on the Riemann sphere. The successive integration of these functions
requires to recursively remove the integration variables from the alphabet. Methods to solve this kind
of problem were developed in [38] (precisely to prove that the coefficients of closed string tree-level
amplitudes are single-valued multiple zeta values) or, with a different approach relying on standard
conjectures on multiple zeta values, in [56].
Part 3. One-loop amplitudes
4. Closed string building blocks and modular graph functions
At one-loop, closed oriented string amplitudes are defined on the complex torus, and can be de-
composed on building blocks as [18, 64, 65]
MN+1(s, ǫ) =
∑
r
c1−loopr (s, ǫ)M
1−loop
N+1 (s,n
r, n˜r), (4.1)
with the one-loop building blocks given by the integrals over the moduli space of genus-one closed
Riemann surfaces4 (the complex tori) with N + 1 marked points M1,N+1. This integration domain
can be factorized, so that the building blocks take the form
M1−loopN+1 (s,n, n˜) =
ˆ
M1,1
dτ1dτ2
τ22
Mˆ1−loopN+1 (s,n, n˜; τ), (4.2)
with the partial (configuration-space) amplitude building blocks
Mˆ1−loopN+1 (s,n, n˜; τ) =
ˆ
TN
N∏
i=1
idzidzi
2τ2
∏
1≤i<j≤N+1
e2α
′sijG
T(zi,zj ;τ)
(
∂ziG
T(zi, zj; τ)
)−2nij (
∂z¯iG
T(zi, zj ; τ)
)−2n˜ij
, (4.3)
4Bosonic strings are not consistent at loop order because of the tachyons in the spectrum. For superstring theory
amplitudes, at higher genus the projection of the supermoduli integral onto the bosonic moduli space of genus g curves
with marked point cannot be done using a naive integration of the fermonic variables [77, 78], and may be achieved
using Sen’s fermionic integration [79, 80].
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where we fix zN+1 := 0. The exponents nij and n˜ij are non-positive integers arising from the operator
product expansion. The Arakelov scalar Green function GT(z, z′; τ) on the complex torus T :=
C/(Z+ τZ) of modulus τ = τ1 + iτ2 ∈ H is defined by
∂z∂z¯G
T(z, z′; τ) = −
π
2
δ(2)(z − z′) +
π
2τ2
,
ˆ
T
GT(z, 0; τ) dzdz = 0 . (4.4)
This determines the Green function to be given by
GT(z, z′; τ) = −
1
2
log
∣∣∣∣θ1(z − z′, τ)η(τ)
∣∣∣∣
2
+
πℑm(z − z′)2
τ2
, (4.5)
with the ratio of the odd Jacobi θ1-function and the Dedekind η-function given, setting q = e
2piiτ , by
θ1(z, τ)
η(τ)
= iq
1
12 e−ipiz(1 − e2piiz)
∏
n≥1
(1− qne2ipiz)(1 − qne−2ipiz) . (4.6)
We have used the Bern-Kosower representation of one-loop amplitudes with only first derivatives
of the Green function after using integration by parts in the integrand [81]. This decomposition is the
one-loop equivalent of the decomposition of tree-level amplitudes in (1.1) on the building blocks (1.4).
In this paper we will focus on the partial amplitude building blocks in (4.3), rather than the moduli
space integrals giving the full amplitude building blocks in (4.2). The coefficients of the small α′
expansion of the partial amplitudes building blocks are given by modular graph functions [57,82] and
modular graph forms [59], which constitute interesting new classes of real-analytic modular functions
and forms, respectively. For the purposes of this paper, it is sufficient to focus on modular graph
functions, which is the topic of the next sections. In particular, in section 4.2 we present a new
application of the single-valued integration from section 3.2 to compute their asymptotic expansion
in the two-point case.
• •
Figure 4.1. Examples of graphs associated to modular graph functions
4.1. Modular graph functions. We consider a graph5 Γ drawn on a fundamental domain Στ ⊂ C
of the torus. Let zi with i = 1, . . . , N + 1 be the vertices of the graph. By translation invariance, we
can suppose that 0 ∈ Στ and fix zN+1 = 0. We denote by eij ≥ 0 the number of edges connecting the
points i and j. The modular graph functions [57] are defined by the following integrals associated to
the graph Γ:
DΓ(τ) =
ˆ
ΣNτ
∏
1≤i<j≤N+1
(
GT(zi, zj ; τ)
)eij N∏
i=1
idzidzi
2τ2
. (4.7)
The word modular refers to the easily checked fact that modular graph functions are invariant
under the standard action of SL2(Z) on τ ∈ H. These functions arise naturally in the α
′-expansion of
5More precisely, we consider an undirected graph with multiple edges connecting pairs of vertices and no self-edges.
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the partial amplitude building blocks in (4.3) with nij = n˜ij = 0. When nij and n˜ij are non-vanishing,
one gets modular graph forms [59], which have non-trivial holomorphic and anti-holomorphic modular
weights with respect to the action of SL2(Z).
It was proven in [83] that, if we denote by E the total number of edges of Γ, the asymptotic
expansion as τ → i∞ of modular graph functions takes the form
DΓ(τ) =
E∑
k=1−E
∑
m,n≥0
d
(m,n)
k (Γ)Y
k qm qn, (4.8)
where Y := πτ2 and d
(m,n)
k (Γ) belong to the ring generated by all special values at roots of unity of
multiple polylogarithms. A refinement of this theorem was recently announced by E. Panzer [84], who
proved that d
(m,n)
k (Γ) belong to the ring Z of multiple zeta values. Conjecturally, however, this is still
not the optimal result, as the coefficients d
(m,n)
k (Γ) are expected to belong to the smaller ring Z
sv of
single-valued multiple zeta values [57,85]. It is presumably straightforward to see that all this applies
as well to modular graph forms.
The first Laurent polynomial in this expansion, obtained setting m = n = 0, is usually called the
“constant term”. Its knowledge is particularly relevant because it can be used to deduce algebraic
and differential relations among modular graph functions (and forms) [59,86–89], but its computation
is extremely hard for graphs with more than two loops or two points [85, 90]. From the geometric
viewpoint, it is the main term as τ → i∞, which is the degeneration limit of the complex structure of
the torus towards a sphere with two extra marked points. For this reason, it is expected to be related
to tree-level amplitudes on a sphere, and this would explain the conjectural relation to single-valued
multiple zeta values. We will see in the next section that these expectations can be verified in the
simple case of two-point graphs.
4.2. The banana graphs. We look here at the constant term of the asymptotic expansion in the
case of two-point modular “banana graph” functions Dn(τ) = • • , where n counts the
number of edges, which is one of the simplest families of graphs. It was shown in [36, 60] that the
coefficients d
(0,0)
k of the constant term can be written in terms of the coefficients of the four-point
closed string amplitude in eq. (1.5), which belong to the ring Zsv as shown in section 3.2 and which
are actually contained in the smaller subring generated by odd zeta values, as diplayed in eq. (2.30).
We give here an alternative proof that the coefficients d
(0,0)
k are single-valued multiple zeta values
exploiting the single-valued integration already used in section 3.2. This proof is inspired by the
approach of [60].
A generating series for the two-point functions Dn(τ) is
F (s, τ) :=
∑
n≥0
sn
n!
Dn(τ) =
ˆ
Στ
esG
T(z,0;τ) idzdz
2τ2
(4.9)
where GT(z, z′; τ) is the genus one closed string Green function defined in (4.5). The integral on
the right hand side coincides with the two-point closed string building block Mˆ1–loop2 (s,0,0; τ) upon
setting s := 2α′s12.
As in the previous section, we set Y := πτ2. Moreover, we denote α := ℜe(z) and β := ℑm(z)/τ2
so that the standard measure idzdz2τ2 on Στ can be written as dαdβ. Finally, we fix the fundamental
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domain α ∈ [0, 1], β ∈ [− 12 ,
1
2 ]. In this domain, all contributions to the integral coming from the
infinite product
∏
n≥1 · · · in equation (4.6) can be ignored for large Y , and we find
F (s, τ) =
ˆ 1
0
e2Y s(β
2−β+ 16 )dβ+esY/3
ˆ 1
2
− 12
ˆ 1
0
e2Y sβ
2
e−2Y sβ
(∣∣1− e2piiα−2Y β∣∣−2s − 1) dαdβ+O(e−2Y ) .
(4.10)
The first integral gives the leading terms of the Laurent polynomials (see [82, §D.1]):
ˆ 1
0
e2Y s(β
2−β+ 16 )dβ =
∑
n≥0
(Y s)n
3nn!
2F1
(
1, −n
3
2
∣∣∣3
2
)
, (4.11)
where 2F1
(
a b
c |z
)
=
∑
n≥0
Γ(a+n)Γ(b+n)Γ(c)
Γ(a)Γ(b)Γ(c+n)
zn
n! is the Gauss hypergeometric function.
In the second integral, we make the change of variables ζ = exp(2πiα − 2Y β), we Taylor expand
the integrand and we exchange integration with summation (by holomorphicity at s = 0) to obtain
esY/3
4Y
∑
k,n≥0
m≥1
(2k + n)!
k!n!
(−1)m
2n+3k
sk+m+n
Y k
ˆ
|q|
1
2 ≤|ζ|≤|q|−
1
2
Lx2k+n0
(ζ)Lxm1 (ζ)
|ζ|2
d2ζ + O(e−2Y ) , (4.12)
where we employ the notation Lxr0 (ζ) = (log |ζ|)
r/r! and Lxr1(ζ) = (log |1 − ζ|)
r/r! from section 3.1
and we denote d2ζ := idζdζ/2π.
Because the map Lw(z)→ Lw(z) respects shuffle product identities and the KZ equation, we get
Lx2k+n0
(ζ)Lxm1 (ζ)
|ζ|2
d2ζ =
∑
w∈x2k+n0 x
m
1
Lw(ζ)
|ζ|2
d2ζ = d

 ∑
w∈02k+n1m
L0w(ζ)
ζ
i dζ¯
2π

 , (4.13)
hence by applying the Stokes theorem we find
ˆ
|q|
1
2 ≤|ζ|≤|q|−
1
2
Lx2k+n0
(ζ)Lxm1 (ζ)
|ζ|2
d2ζ =
=
ˆ 2pi
0
∑
w∈x2k+n0 x
m
1
Lx0w
(
|q|−
1
2 eiθ
) dθ
2π
−
ˆ 2pi
0
∑
w∈x2k+n0 x
m
1
Lx0w
(
|q|
1
2 eiθ
) dθ
2π
. (4.14)
Integrating term-by-term the asymptotic expansion of single-valued multiple polylogarithms at 0,
which can be easily deduced from (3.5), one finds that the second integral on the right hand side is
O(e−2Y ). As for the first integral, since we are now interested in large Y = log |q|−1/2, we need to
know the asymptotic behaviour of single-valued multiple polylogarithms at∞. By Lemma 2.17 of [55]
we have the generating series identity
L{x0,x1}(z
−1) = L{−x0−x1,x1}(z)L{x0,−x0−x1}(1), (4.15)
which together with the asymptotic behaviour at 0 implies that there exists an integer K∞ ≥ 0
(depending on w) such that in a neighbourhood of ∞
Lw(z) =
∑
i,j≥0
K∞∑
k=0
c
(∞)
i,j,k
(log |z|2)k
ziz¯j
(4.16)
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with c
(∞)
i,j,k ∈ Z
sv. Combining this with (4.14) implies that there exist an integer R(k,m, n) ≥ 0 and
numbers Zr(k,m, n) ∈ Z
sv such that
ˆ
|q|
1
2 ≤|ζ|≤|q|−
1
2
Lx2k+n0
(ζ)Lxm1 (ζ)
|ζ|2
d2ζ =
R(k,m,n)∑
r=0
Zr(k,m, n) (2Y )
r + O(e−2Y ). (4.17)
We conclude that for large Y we have
F (s, τ) =
∑
n≥0
(Y s)n
3nn!
2F1
(
1, −n
3
2
∣∣∣3
2
)
+
esY/3
4Y
∑
k,n≥0
m≥1
(2k + n)!
k!n!
(−1)m
2n+3k
sk+m+n
Y k
R(k,m,n)∑
r=0
Zr(k,m, n) (2Y )
r + O(e−2Y ) . (4.18)
This proves that the coefficients of the constant term in the asymptotic expansion of the two-point
graph functions Dn(τ) belong to the ring of single-valued multiple zeta values. Even though this proof
does not explicitly relate these numbers with the coefficients of a genus-zero amplitude, and does not
imply the stronger statement that they belong to the subring generated by odd Riemann zeta values,
we believe that it may be of interest because of its potential to generalize to a higher number of points,
thanks to the generality of the single-valued integration developed in [38].
5. Open string building blocks and open questions
P P ′
0 1
2
it
2
>
>
(a)
P ′ P
0 1
2
1
<
>
it
2
(b)
0 1
2it
P
P ′
<
>
> >
(c)
Figure 5.1. Grey area represents the fundamental cell of (a) the annulus A, (b) the
Möbius stripM and (c) the Klein bottle K. The points P and P ′ are identified under
the action of the involution on the covering torus. For the annulus and Möbius strip
the involution is IA(z) = IM(z) = 1− z¯ and for the Klein bottle IK(z) = 1− z¯+
τK
2 .
The remaining one-loop topologies are the annulus (open oriented sector), the Möbius strip (open
unoriented sector) and the Klein bottle (closed unoriented sector). The associated amplitudes can be
written in terms of building blocks given by integrals on the moduli spaces of annuli, Möbius strips
and Klein bottles [91, 92]. Similarly to the torus case, one can factorise the integration domains of
the building blocks and obtain partial amplitude building blocks given by integrals over configuration
spaces of points on the relevant surface. The form of these integrals strongly depends on the topology
of the worldsheet. We start by reviewing the involutions on the covering torus and the Green functions
obtained with the method of images, following [22].
• The annulus A is obtained by the action of the involution IA(z) = 1− z¯ on the doubly covering torus
of modulus τA =
it
2 with t ∈ R
+, as represented in figure 5(a). The two boundaries of the annulus are
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at ℜe(z) = 0 and ℜe(z) = 12 , and a fundamental cell is given by [0,
1
2 ]× [0,
t
2 ]. The method of images
applied to the torus propagator in (4.5), together with well-known properties of θ1, gives
GA(z, z′; τA) = G
T(z, z′; τA) +G
T(z, 1− z¯′; τA) . (5.1)
• The Möbius strip is obtained by the action of the involution IM(z) = 1− z¯ on the doubly covering
torus of modulus τM =
1
2 + i
t
2 with t ∈ R
+, as represented in figure 5(b). The boundary of the
Möbius strip is located at ℜe(z) = 12 and ℜe(z) = 1, and a fundamental cell is given by [
1
2 , 1]× [0,
t
2 ].
Similarly to the annulus case, the method of images applied to the torus propagator in (4.5) gives
GM(z, z′; τM) = G
T(z, z′; τM) +G
T(z, 1− z¯′; τM) = G
A(z, z′; τM) . (5.2)
• The Klein bottle K is obtained by the action of the involution IK(z) = 1 − z¯ +
τK
2 on the doubly
covering torus of modulus τK = 2it with t ∈ R
+, as represented in figure 5(c). There are no boundary
components, and a fundamental cell is given by [0, 1] × [0, t]. The method of images applied to the
torus propagator in (4.5) this time gives
GK(z, z′; τK) = G
T(z, z′; τK) +G
T(z, 1− z¯ +
τK
2
; τK) . (5.3)
These similar expressions for the Green functions suggest that the respective (partial6) amplitudes
could be related to each others. It was argued in various cases that, indeed, one can reduce Möbius
strip and Klein bottle partial amplitudes to annulus partial amplitudes [24, 93]. As we will discuss
in section 5.2, however, very little is known about these amplitudes in all cases which involve closed
string states.
The only case which was systematically studied is that of open string partial amplitude building
blocks given by ordered integrals on the boundaries of the annulus or of the Möbius strip. We report in
the next section some recent observation about their relation to the closed string building blocks (4.3)
via the same single-valued projection mentioned at tree-level.
5.1. Open string partial amplitudes on the annulus. One-loop open string partial amplitudes
are given by ordered integrals on the boundaries of Möbius strips and annuli. The annulus case can be
divided into the planar case, with string states only on one boundary, and the non-planar case involving
both boundaries. The Möbius strip case can be reduced to the planar annulus case, as explained for
instance in [63]. Moreover, as remarked in [32, 35, 63], the non-planar annulus case seems to share
all the mathematical features of the planar case. For this reason, we only focus on partial amplitude
building blocks with all insertions on one boundary of the annulus. We fix these building blocks7 to
be given by the following iterated integrals over the straight path [0, τ ] with τ = τA = it/2 ∈ iR
+ (or
any other fundamental domain of the annulus boundary τR/τZ depicted in figure 5(a)):
Aˆ1–loopN+1 (s,n, ρ; τ) =
ˆ
0≤zρ(1)≤···≤zρ(N)≤τ
N∏
i=1
dzi
τ2
∏
1≤i<j≤N+1
e2α
′sijG
A(zi,zj;τ)
(
∂ziG
A(zi, zj ; τ)
)−2nij
,
(5.4)
6As in the torus case, we are mostly interested in the partial amplitudes, given by integrals over configuration spaces.
7We integrate over the B-cycle of the torus, instead of the A-cycle used in most recent references, to be consistent with
our choice of involution given in figure 5(a).
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where we set zN+1 := 0. The Green function G
A(z, z′; τ) from (5.1) reduces for z, z′ ∈ τR/τZ and
τ ∈ iR+ to
GA(z, z′; τ) = −2 log
∣∣∣∣θ1(z − z′, τ)η(τ)
∣∣∣∣− 2πi(z − z′)2τ . (5.5)
It was shown in [61] that the coefficients of the small α′ expansion of the integrals (5.4) (or rather
their analytic continuation for τ ∈ H) can be written in terms of elliptic multiple zeta values. The latter
are functions on the complex upper half-plane which constitute the natural genus-one generalization of
multiple zeta values and arise from the genus-one Knizhnik-Zamolodchikov-Bernard connection [94].
In particular, in the limit τ → i∞ one lands on the space of classical multiple zeta values. This is
consistent with the fact that the limit of the integrals (5.4) can be expressed in terms of (N +3)-point
tree-level building blocks [34].
From the cohomological viewpoint, elliptic multiple zeta values are periods of the configuration
space of points on the torus, and it is conjectured that modular graph functions and forms belong to
the family constituting their single-valued analogues [95]. This would be consistent with the genus-zero
situation, and also with the conjecture that the coefficients of the constant terms of modular graph
functions are single-valued multiple zeta values. Some evidence of an extension of the genus-zero
single-valued projection between open and closed string building blocks was found in [32, 33, 84, 96].
In the next section we report on one of the conjectures related to this single-valued projection, which
was recently proven in the two-point case [36].
5.1.1. The two-point case. We consider the open string integralˆ
z∈[0,τ ]
es Gˆ
A(z,0;τ) dz
τ2
. (5.6)
This integral coincides with the building block Aˆ1–loop2 (s,0, Id; τ) upon setting s := 2α
′s12 and replac-
ing the Green function GA(z, z′; τ) from (5.5) with the modified version introduced in [32]
GˆA(z, z′; τ) := GA(z, z′; τ) −
πi
3τ
, (5.7)
which satisfies the condition
´
[0,τ ]
GˆA(z, 0; τ)dz = 0. The correction to the Green function is constant
in z, so it disappears by momentum conservation when we consider the two-point amplitude (which
is not physically meaningful) as contributing to higher-point amplitudes.
The integral in (5.6) defines a holomorphic function of s at the origin, whose n-th Taylor coefficient
at s = 0 (i.e. in the limit α′ → 0) is given up to a constant factor by the integral
Bn(τ) :=
1
4n
ˆ
z∈[0,τ ]
GˆA(z, 0; τ)n
dz
τ2
, (5.8)
which can be analytically continued to define a holomorphic function of τ ∈ H. These Taylor co-
efficients are special cases of a class of functions arising from symmetrized open string integrals,
called holomorphic graph functions, which constitute holomorphic analogues of modular graph func-
tions [32, 97]. More precisely, the functions Bn(τ) are exactly those holomorphic graph functions
associated to the two-points banana graphs, and so they are the open-string analogues of the two-
point modular graph functions Dn(τ) from section 4.2.
It was proven in [97] that all holomorphic graph functions (associated to a graph Γ with E edges)
have the asymptotic expansion
E∑
k=−E
∑
m≥0
b
(m)
k (Γ)T
kqm, (5.9)
CLOSED AND OPEN STRING AMPLITUDES 23
where T := πτ/2i and b
(m)
k belong to the ring Z of multiple zeta values. This expansion is similar
to the asymptotic expansion (4.8) of modular graph functions, and it was conjectured in [32] that
the coefficients b
(0)
k (Γ) of the leading Laurent polynomial are mapped precisely to the corresponding
coefficients d
(0,0)
k (Γ) via the single-valued projection on multiple zeta values.
This conjecture was recently proven for the two-point banana graphs in [36]. In other words, one
can map the asymptotic limit of the two-point open string integral (5.6) to the asymptotic limit of
the two-point closed string integral (4.9) using the single-valued projection on multiple zeta values.
Moreover, these asymptotic limits were also shown to be related by some double-copy formula [36].
This is not so surprising, if we think that the tree-level KLT double-copy relations can be seen as
part of the same cohomological framework which explains also the single-valued projection [50]. For
this reason, relating the whole asymptotic expansions via the theory of single-valued periods would
probably also point towards a first genus-one analogue of the KLT relations.
5.2. Open questions. We have already mentioned that it is not clear in general how the building
blocks of annulus, Möbius strip and Klein bottle partial amplitudes relate to each others. It would be
interesting to know, for instance, whether we can reduce them to the open string building blocks (5.4)
and thus obtain the same kind of structure which occurs at tree-level. One could also ask the (less
ambitious) question of what is the minimal set of special functions which appear in the α′-expansion
of these partial amplitudes: are elliptic multiple zeta values sufficient?
Moreover, at tree-level we have a clear picture not only of the building blocks, but also of the
relations among them, namely the KLT relations and the single-valued projection on the α′-expansion.
An important open problem is to generalize these relations to genus one, at least for the open and
closed partial amplitude building blocks (4.3) and (5.4).
For the KLT relations, one possible approach is the one presented at tree-level in section 2, based
on viewing closed string building blocks as special values of conformal correlation functions, which
have a holomorphic factorisation on conformal blocks also at higher genus [39, 40]. At tree-level, this
conformal block factorisation gives back the KLT relations, whence come the hope for generalized KLT
relations, in particular thanks to the chiral splitting of the closed string integrand on a product of open
string integrands at fixed loop momenta [41]. Another possible approach is based on generalizing the
interpretation of the KLT relations in terms of twisted de Rham cohomology [49, 50] to higher-loop
order [98–101].
A related open problem is to prove the conjectures which connect genus-one open and closed
building blocks via the single-valued period formalism. A simpler version of this problem is to prove
the conjecture that the coefficients of the constant term of any modular graph function (or form)
are single-valued multiple zeta values. The new approach presented in section 4.2 for the two-point
case has the potential to be generalized for any number of points, because it is based on the same
techniques used in the N -point case at genus zero. One must, however, overcome certain technical
difficulties which arise already in the three-point case.
Finally, it would also be interesting at one-loop level to study the moduli space integrals which
give the full amplitude building blocks. While some results are known in the closed oriented string
case [82, 102, 103], as far as we can tell nothing is known for the other cases. In particular, it would
be interesting to understand whether we should expect to generalize in some way the KLT relations
and the single-valued projection to the genus-one moduli space integrals.
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